We study the dynamics of an impurity embedded in a trapped Bose-Einstein condensate, i.e. the Bose polaron problem, with the open quantum systems techniques. In this framework, the impurity corresponds to a particle performing quantum Brownian motion, and the excitation modes of the Bose-Einstein condensate play the role of the environment. We solve the associated quantum Langevin equation to find the position and momentum variances of the impurity. When the impurity is untrapped, its long-time dynamics is super-diffusive. When the impurity is trapped, we find position squeezing. To consider a Bose-Einstein condensate in a trapping potential is crucial to study this system in experimental realistic conditions. We detail how, for the untrapped case, the diffusion coefficient, which is a measurable quantity, depends on the Bose-Einstein condensate trap frequency. Also, we show that, for the trapped case, the squeezing can be enhanced or inhibited by tuning the Bose-Einstein condensate trap frequency.
I. INTRODUCTION
Quantum gases have sparked off intense theoretical and experimental scientific interest in recent years. They are an excellent testbed for many-body theory, and are particularly useful to investigate strongly coupled and correlated regimes, offering thus an interesting, sometimes even hard to reach alternative to condensed matter systems [1] . The current work concerns the physics of an impurity in a Bose-Einstein condensate (BEC). The impurity problem has been intensively studied in the context of polaron physics in strongly-interacting Fermi [2] [3] [4] [5] [6] [7] [8] or Bose gases , as well as in solid state physics [41] [42] [43] , and mathematical physics [44] [45] [46] [47] [48] .
We study the behavior of the impurity within a BEC with an open quantum systems approach. Here, the impurity plays the role of the quantum Brownian particle and the bath is the excitations modes of the BEC. Such an approach has been used recently in the context of ultracold quantum gases to study an impurity in an homogeneous BEC [37] , a bright soliton in a superfluid in one dimension in [49] , a dark soliton in a one-dimensional BEC coupled to a non-interacting Fermi gas in [50] , the interaction between the components of a moving superfluid and the related collective modes [51] , and an impurity in a Luttinger liquid in [14, 18] , or in a doublewell potential [52, 53] . Particularly, in [37] , the Hamiltonian describing the dynamics impurity weakly interacting with a BEC [43, 54] was expressed in the form of a paradigmatic model of open quantum system, the quantum Brownian motion (QBM) model. This model describes a particle that interacts with a thermal bath, made up by a huge number of harmonic oscillators, satisfying Bosonic statistics [55] [56] [57] [58] [59] [60] [61] [62] [63] .
In the present paper, we approach the problem of an impurity in a trapped BEC. We emphasize that it is of * aniello.lampo@icfo.eu key importance to consider a BEC in a trap, as this is the usual experimental set-up. We first write the Hamiltonian of the system as that of the QBM one. To this end one has to diagonalize the BEC part of the Hamiltonian. This permits to write all quasiparticle excitations as a set of uncoupled oscillators. The density profile for a trapped BEC is inhomogeneous in space. As a consequence, one has to solve the Bogoliubov-de Gennes equations to find the excitation spectra. For a BEC with a parabolic Thomas-Fermi (TF) density profile [64, 65] , the analytical form of the spectra was derived in [66] . After applying this procedure, the resulting Hamiltonian is diagonal for the BEC part and it has a non-linear bathimpurity coupling. We use a linear approximation for this coupling under realistic experimental conditions. In this way we reproduce the QBM Hamiltonian, which is used to find a second-order stochastic differential equation that describes the out-of-equilibrium dynamics of the impurity. This is a quantum Langevin equation, where the noise and the damping terms are a consequence of the presence of the BEC. In the open quantum systems formalism the properties of the environment are enclosed in the spectral density (SD). We find analytically that for a trapped BEC the SD is super-Ohmic in 1D. Compared with the untrapped case [37] , the most relevant differences in the formalism derived are: i) the range of validity of the assumptions depend on the trap frequency; ii) the SD has a higher super-Ohmic degree, suggesting larger amount of memory effects.
We solve the quantum Langevin equation and find the position and momentum variances of the impurity for (i) the untrapped and (ii) trapped impurity. In the untrapped case, the impurity does not reach equilibrium and shows a super-diffusive behavior at long-times. In the trapped case, the impurity reaches equilibrium in the long-time limit, and therefore the position and momentum variances reach stationary values. Interestingly, in this limit we find genuine position squeezing at low temperatures, which can be enhanced with the coupling strength. Squeezing as such represents a resource to quantum technologies, particularly to quantum metrology and sensing. For the untrapped case, the main difference with the results in the homogeneous case [37] is that the super-diffusion coefficient has a different dependence on the system parameters. Here, we detail its dependence on the trapping frequency for the BEC. For the trapped case, the main difference with the homogeneous case is that squeezing can be tuned with the BEC trap frequency, which represents a new experimental control parameter absent in the homogeneous case.
The manuscript is organized as follows. In Sec. II we write the Hamiltonian of an impurity in a trapped BEC in the form of the QBM model. In Sec. III, we write the quantum Langevin equation, derive the form of the SD, and find a general solution of the equation. In Sec. IV we solve this equation for the untrapped (subsection IV A) and trapped (subsection IV B) impurity. In Appendix A we discuss the validity of the linear approximation for the interacting Hamiltonian between the impurity and the BEC.
dressing the impurity, and b † (b) the related creation (destruction) operators of these modes. Under the Bogoliubov transformations in Eq. (9) the interaction Hamiltonian, Eq. (2d), reads
where we put Ψ 0 ≈ √ n 0 .
To obtain the complete form of the Hamiltonian we need the expressions of the functions u ν and v ν introduced in Eq. (9), as well as of the energy modes in Eq. (10) . An important difference with the homogeneous case is that, for the trapped BEC, they have to be obtained as the eigenvectors and eigenvalues of the matrix associated to the Bogoliubov-de-Gennes (BdG) equations
The solutions of the BdG equations satisfy the orthogonality condition
In general, the solution of the BdG equations (12) does not constitute a simple problem, and often requires the employment of numerical methods. For a BEC confined in one dimension and in the TF limit, one can solve them analytically as showed in [66] . In the current work we focus exactly on the aforementioned situation, namely a gas confined in one dimension with a TF density profile
where ω B is the trapping frequency in the direction x [see Eq. (3)]. Here, R is the TF radius and the chemical potential is
Then, the solution of the BdG equations (12) gives the following spectrum
with corresponding Bogoliubov modes
where L j (z) represent the Legendre polynomials and j is the integer quantum number labeling the spectrum.
Finally, we replace the expressions of the Bogoliubov modes, Eq. (17) in Eq. (11) to get the Hamiltonian of an impurity embedded in a BEC in 1D with a TF density profile,
with
and
The Hamiltonian (18) is analogous to QBM Hamiltonian, where one identifies the system Hamiltonian as H I , the environment set of oscillators as H E , and the interaction between system and environment as H int . Importantly, the latter presents a non-linear dependence on the position impurity. There exist different techniques aimed to deal with the QBM model with this kind of non-linearity. For instance, one could recall the master equation treatment in the Born-Markov regime in [67] , or in the Lindblad framework [68] . Beyond these approximations, it is possible to look into the non-linear Heisenberg equations derivation carried out in [69] , where a Langevin equation with a state-dependent damping and a multiplicative noise has been obtained. Moreover, there is the procedure presented in [48] relying on quantum stochastic calculation, valid for the small impurity mass limit.
The problem in applying all these methods lies in the fact that the interaction Hamiltonian (20) presents a dependence on the position strictly constrained to the index j, i.e. we have a different analytical dependence on x for each value of j. To overcome this difficulty, we restrict on the regime defined by the condition x/R 1, that is we study the dynamics of the impurity in the middle of the trap. Here, it is possible to expand the interaction term in Eq. (20) at the first order in x/R
in which
This linear approximation is discussed in Appendix A, where we show that such an approximation is appropriate for realistic values of the system parameters. The interaction Hamiltonian above shows a linear dependence on the positions of both the impurity and the oscillators of the bath. This is exactly the situation of the QBM model. A difference with the homogeneous gas discussed in [37] is that here the environmental variables appearing in the interaction term are the positions of the oscillators, while in the homogeneous case the variables appearing in the analogous interaction term are the momenta of the oscillators. We note here that this does not imply a qualitative change with respect to the homogeneous case, because the bath variables only play a role in the environmental self-correlation functions, which remain the same as those presented in [37] .
III. QUANTUM LANGEVIN EQUATION
After expressing the Hamiltonian of an impurity in an inhomogeneous BEC in the form of the QBM one, we are now in the position to provide a careful quantitative description of the motion of the impurity using an open quantum systems approach. First, we write the Heisenberg equationṡ
These equations may be combined according the procedure presented in [37, 56] to derive an equation for the position impurity in the Heisenberg picture,
Such an equation is formally identical to the Langevin one derived in the context of classical Brownian motion, and completely rules the temporal evolution of the impurity motion. At this level, the influence of the environment is contained in the term in the right hand-side
which plays the role of the stochastic noise, and in the damping kernel
where we introduced the spectral density (SD), defined as
The SD completely determines the form of the damping kernel. This is also true for the noise term, since it fulfills the relation
is the noise kernel. Therefore, the influence of the environment on the impurity motion is completely known once we exhibit an expression for the SD. This can be done analytically according the procedure showed in [37, 63] . In particular, one has to replace the expression of the coupling constant in Eq. (22) into the definition (28) . Then, we turn the discrete sum in j into an integral in a continuous variable to get
In Eq. (31),
is the Heaviside step function, representing an ultraviolet cut-off, that has been put adhoc in order to regularize the divergent character of the SD at high-frequency. This, however, does not play any role in the dynamics of the system at long-times, as nor the presence, neither the form, of the cut-off affects the dynamics of the impurity at long times. This can be shown by recalling the Tauberian theorem [70, 71] . Therefore, in the middle of the trap (x R) and at long times (ω ω B ) we obtain a super-Ohmic SD. Such a particular form implies the presence of memory effects in the dynamics of the system. In fact, only if the damping kernel reduces to Dirac Delta, Eq. (25) acquires a local-in-time structure, making the evolution of the impurity position independent on its past history. Indeed, by replacing the SD, Eq. (31) , in the definition of the damping kernel, Eq. (27), one gets
The form of the damping kernel presented above shows that Eq. (25) is non-local in time and the dynamics of the impurity carries a certain amount of memory effects. We underline here an important difference with the case in which the BEC is untrapped: in that situation the SD is proportional to the third power of the frequency [37] , while now it goes as the fourth one. We conclude that the presence of the trap for the gas increases the super-Ohmic degree. This changes the details of the derivation to be developed below, in comparison with the homogeneous case.
The solution of Eq. (25) is
where the functions G 1 and G 2 are defined through their Laplace transforms
and satisfy
The Laplace transform of the damping kernel is what carries out the properties of the environment in the solution of the position impurity equation. Recalling the definition of the damping kernel we find
where we used the expression of the SD in Eq. (31) and the formula for the Laplace transform of the cosine
The integral (40) may be calculated straightforwardly noting that
In the end, replacing Eq. (42) into Eq. (40) we obtain
Such a quantity completely fixes the kernels in Eqs. (36) and (37) and thus the temporal evolution of the impurity position in the Heisenberg picture. The problem of deriving an explicit expression for it reduces now to the inversion of the Laplace transform in Eqs. (36) and (37) .
IV. POSITION VARIANCE
The motion of the impurity is described by the secondorder stochastic equation of the Langevin type (25) . We proceed now to solve this equation in order to evaluate the position variance, which constitutes a measurable quantity [13] . For this goal we distinguish two situations: the case where there is no trap for the impurity [Ω = 0 in Eq. (2a)], and that in which there is a harmonic trap (Ω > 0).
A. Untrapped impurity
In Sec. III we showed that the problem of solving Eq. (25) reduces to that of inverting the Laplace transforms (36) and (37) . The former may be inverted immediately since, when Ω = 0, it takes the form
and so
This result holds regardless of the properties of the environment, namely for any SD, and in fact corresponds to that derived in the homogeneous gas. The situation is different for Eq. (37), where the properties of the environment play a crucial role since they enter through the damping kernel. Here, one cannot perform the inversion of the Laplace transform analytically due the presence of the logarithm [see Eq. (43)]. Therefore, we recall the Zakian numerical method, discussed in [72] . Such a method relies on the fact that the inverse Laplace transform f (t) of a function F (z) is approximated asf
with α j and k j constants that can be either complex or reals. The expression of G 2 as a function of time is presented in Fig. 1 . The kernel shows an oscillating behavior that diverges linearly in the long-time regime. Such a longtime limit corresponds to Re [z] ω B , where the logarithm in the Laplace transform of the damping kernel, i.e. the second term in the right hand-side of Eq. (43), is negligible. If we keep only the linear term in z within such an equation it is possible to find an explicit analytical expression for the Laplace transform of G 2 ,
that can be easily inverted
This expression represents the long-time behavior of G 2 and is plotted in Fig. 1 for different values of the damping (dashed lines). The figure shows the agreement between the numerical solution and the long-time analytical one. The knowledge of G 1 and G 2 fixes the structure of the impurity position operator, providing a description of the motion of the particle. The expression for G 2 in Eq. (48) induces a ballistic term in the time-evolution of the impurity position. This means that the impurity runs-away from its initial position. Such a behavior can be characterized in a quantitative manner by means of the position variance. Actually, rather than the position variance we employ a physically equivalent object called mean-square-displacement (MSD), defined as
which provides the deviation between the position at time t and the initial one. In the long-time limit it is possible write
where we considered a factorizing initial state ρ(t) = ρ S (0) ⊗ ρ B . The initial conditions of the impurity and bath oscillators are then uncorrelated. Then, averages of the form ẋ(0)B(s) vanish. The integral in the second line of Eq. (50) can be solved recalling the expression for the two-time correlation function of the noise term (29) and that for the noise kernel (30) . Here, the hyperbolic cotangent can be approximated in two limits: (i) in the zero-temperature limit, where it can be approximated to one; and (ii) in the high-temperature limit, where it can be approximated to the inverse of its argument. In these two limits we have, respectively,
In both cases, the MSD is proportional to the square of time. This is a consequence of the super-Ohmic form of the SD, and can be considered as a witness of memory effects. The dependence on time is the same as for the homogeneous case. This is due to the fact that, in the long-time limit, the damping kernel and hence G 2 approaches the same function. Importantly, for a trapped BEC the diffusion coefficients exhibit a different dependence on the system parameters. This is very relevant for the experimental validation of the current theory. In Fig. 2 we plot the super-diffusion coefficient
related to the MSD in the low-temperature limit. Such a coefficient can be interpreted as the average of the square of the speed with which the impurity runs away. The picture shows that the quantity in Eq. (53) decreases as the interaction strength grows. This implies that the gas acts as a damper on the motion of the impurity. Surprisingly, the value of the super-diffusion coefficients takes larger values as the gas trap frequency grows. One has to note that, as ω B grows, the density of the gas increases as well, and therefore the number of collisions yielding the Brownian motion also grows. The study of the super-diffusion coefficient at high-temperature shows the same behavior. Time-dependence of the function G1 (top) and G2 (bottom), defined through the Laplace transforms in Eqs. (36) and (37), respectively. The plots refer to an impurity of Yb in a trap with a frequency Ω = 2π · 200 Hz, embedded in a Rb gas of N = 5000 atoms with trap frequency ωB = 2π · 800 Hz and coupling strength gB = 0.5 · 10 −37 J·m.
B. Harmonically trapped impurity
We now study the dynamics of the impurity when it is externally trapped, i.e. we look into the case in which Ω > 0. In this case the inversion of the Laplace transforms constitutes a difficult task and it is not immediate to get an analytical explicit expression even at longtime. We proceed so by employing the numerical Zakian method introduced above. In Fig. 3 we show the functions G 1 and G 2 , where one can observe an oscillating behavior in both cases, which gets damped for long times. This damping of the oscillation implies that the contribution of the initial condition vanishes in the longtime limit. Also, this damping implies that the impurity reaches an equilibrium state where it sits on average on the center of the trap, and its position and momentum variances are independent of time. Thus, in the long-time limit, the variances can be represented by
wherẽ
is the response function, and 35), according the procedure presented in [37] , and corresponds to the contribution provided by the stochastic noise.
We next study the dependence of the position and momentum variances, Eqs. (54) and (55), on the system parameters, such as temperature and coupling strength. These parameteres can be tuned in experiments. To this end, we recall the dimensionless variables
in terms of which the Heisenberg principle reads as δ x δ p ≥ 1. In Fig. 4 we study the behavior of the ratio δ x /δ p as a function of the temperature for different values of the coupling strength. This gives the eccentricity of the uncertainty ellipse. Such an ellipse takes the form of a circle at high-temperature, i.e. δ x ≈ δ p , for different values of the coupling strength. Precisely, it approaches the circular Gibbs-Boltzmann distribution with δ x = δ p ∼ √ T . At low temperature, instead, the uncertainties ellipse exhibits position squeezing (δ x < δ p ), that is enhanced as the coupling strength increases. In particular, exploring lower values of the temperature the impurity experiences genuine position squeezing, i.e. we detect δ x < 1, as shown in Fig. 5 . The position variance approaches a value smaller than that associated to the Heisenberg principle. This implies that, in this regime, the particle shows less quantum fluctuations in space than in momentum. In plain words, the particle is so localized in space, that its position can be measured with an uncertainty which is smaller than that fixed by the Heisenberg principle. This effect is improved by increasing the value of the coupling strength, and in the regime of very low temperatures. Note that in the opposite limit, namely at high temperature, the position variance follows the behavior predicted by the equipartition theorem, in agreement with the fact that the uncer- tainties ellipse approaches the Gibbs-Boltzmann distribution. We underline that in all the situations we described Heisenberg uncertainty principle is fulfilled at any time and for each values of the system parameters, even when the particle experiences genuine position squeezing. This may be checked quickly by evaluating the product between position and momentum variances. In comparison with the squeezing predicted for the homogeneous gas, for the inhomogeneous case, one has an extra dependence on the additional parameter, the trapping frequency. This sets the possibility of using the BEC trapping frequency to enhance or inhibit the squeezing. In Fig. 6 we present the position variance as a function of the coupling for several values of the gas trap frequency, in the low-temperature regime. At weak coupling the gas trap does not play any role and the position variance is approximately equal to one, in agreement with the fact that the impurity approaches the free harmonic oscillator dynamics, collapsing in the ground state (δ x = δ p = 1) in the zero-temperature limit. As the coupling grows the position variance gets sensitive to the trap of the BEC and we see that genuine position squeezing is enhanced as the BEC trap frequency is made tighter. Of course, the dependence on the gas trap frequency is negligible at high-temperature, since in this regime the equilibrium correlation functions get independent on the coupling. This may be seen in Fig. 7 where we note that, as the temperature grows the position variance approaches a constant value (constant with respect of the frequency) equal to that predicted by the equipartition theorem, in agreement with the behavior presented in Fig. 5 .
V. CONCLUSIONS AND PERSPECTIVES
We presented a study of the dynamics of an impurity in an inhomogeneous Bose-Einstein condensate. Such a problem is treated in the framework of open quantum systems, as it can be brought formally to the form of the quantum Brownian motion model. The main motivation to do this lies in the possibility to analyse in detail the out-of-equilibrium dynamics of the impurity. The inhomogeneous character of the BEC, due to the presence of an external confining trap, strongly modifies the properties of the impurity-bath coupling. In general, such an interaction shows a non-linear dependence on the position of the central particle. One could treat the corresponding dynamics by recalling the theory developed in [69] , where Heisenberg equations for the QBM with a nonlinear coupling have been derived. Nevertheless, these results cannot be applied straightforwardly, since in the present case, we have a different analytical dependence on the position for each value of k. We approximate thus this interaction by a linear function, provided that the analysis is restricted to the middle of the trap. Under this assumption, one reproduces formally the situation of the traditional quantum Brownian motion model. This approximation results to be totally appropriate for the regime parameters we considered, as discussed in Appendix A.
We derive the Langevin equation for the impurity position in the Heisenberg picture and we calculate the spectral density. Here we detect an important difference with the study presented in [37] for a homogeneous gas: the inhomogeneity of the medium yields to a higher super-Ohmic degree, suggesting that the amount of memory effects carried out by the impurity is bigger. In this context it is possible to address the first important perspective for future works: quantitative evaluation of the non-Markovian effects in the Bose polaron dynamics. Such an issue attracted a lot of interest during the last years [53, [73] [74] [75] [76] in the attempt to control/manipulate the amount of non-Markovianity, by tuning the system parameters. This problem plays a very important role in the studies of the thermodynamic background of nonMarkovianity: Is it possible to employ it as a resource for quantum technology? Is it possible to convert it in energy or work? In our analysis, the presence of memory effects may be detected on the mean-square-displacement of the untrapped impurity, that can be measured in experiments [13] . This quantity results to be proportional to the square of time (super-diffusion), while the pure Markovian case leads to a linear dependence on time (normal-diffusion).
If we embed the impurity particle in a harmonic potential the position and momentum variances in the longtime limit reach a stationary value. That is, the particle reaches equilibrium in the long-time limit, with quantum fluctuations independent of time. We study its behaviour once this equilibrium is reached as a function of the parameters that may be tuned in experiments, such as temperature and gas-impurity coupling strength. At low-temperatures and by increasing the value of the coupling we find that the particle experiences genuine position squeezing, i.e. δ x < 1. This corresponds to high-spatial localization, i.e., the quantum fluctuations in space are smaller than those in momentum in terms of the uncertainty ellipse. Very importantly, we show that the spatial squeezing can be controlled with the BEC trap frequency, particularly it is enhanced as this frequency is increased. Genuine position squeezing can be detected in experiments, as the position variance represents a measurable quantity. The fact that the squeezing can be controlled with the BEC trap frequency has important implications for the verification of these effects in current experiments.
In general, the application of the quantum Brownian motion to this realistic system opens the possibility to look in the concrete case of Bose polaron for the large number of effects detected at an abstract level for the general model. For instance, one could try to propose an experiment with ultra-cold gases to study the Zeno effect predicted in [77] . Moreover, it is possible to study in the context of the Bose polaron the emergence of classical objectivity, that has been study for open quantum systems in [78, 79] . 
In this part of the document we study the validity of the condition (A1) as the parameters of the system vary. For this goal we distinguish the situation where the impurity is trapped (Ω > 0) and that in which it is untrapped (Ω = 0). For the trapped impurity, in general, the condition in Eq. (A1) may be expressed as
where ∆ x is the Gaussian deviation of the position from its average value. At low temperature such a condition is usually fulfilled because the position variance of the impurity achieves very low values, since the particle experiences squeezing. In order to evaluate Eq. (A2) we recall the values acquired by the dimensionless variance δ x . For instance, for the system parameters used in Fig.  5 , it turns δ x (R/a HO ) 11,
where a HO = /m I Ω is the impurity harmonic oscillator length.
At high-temperature instead, the position variance approaches the behavior predicted by the equipartition theorem, i.e. Accordingly, the condition in Eq. (A2) induces maximum acceptable temperature
In particular, for the values of the physical quantities employed in Fig. 5 k B T crit m I Ω 2 a 2 HO 122.
We now study the validity condition in Eq. (A2) for an untrapped impurity. In this case it may be expressed as 
The left hand-side of Eq. (A8) is plotted in Fig. 8 as a function of the interaction strength and the time. The area on the right of the black dashed line is forbidden because the quantity we plotted gets larger than one. The validity condition in the high-temperature regime is formally equivalent, apart from a factor k B T / ω B multiplying the left hand-side, inducing a constraint also on the temperature.
